Abstract. In this paper, we describe a computation which established the GRH to height 92 (resp. 40) for cubic number fields (resp. quartic number fields) with small discriminant. We use a method due to E. Friedman for computing values of Dedekind zeta functions, we take care of accumulated roundoff error to obtain results which are mathematically rigorous, and we generalize Turing's criterion to prove that there is no zero off the critical line. We finally give results concerning the GRH for cubic and quartic fields, tables of low zeros for number fields of degree 5 and 6, and statistics about the smallest zero of a number field.
Introduction and notations
The Riemann zeta function and its generalization to number fields, the Dedekind zeta function, have been for well over a hundred years one of the central tools in number theory. It is recognized that the deepest single open problem in mathematics is the settling of the Riemann Hypothesis, and number theorists know that its generalization to number fields and algebraic varieties is almost equally important. Much energy has been devoted to the numerical investigation of the zeta function (see [4] for example). There has been some investigations of its closest cousins, the Dirichlet L-functions (see [20] ). However, the case of a general number field has remained totally unexplored territory. We give here the first numerical evidence in favour of the Generalized Riemann Hypothesis for a number field where calculations cannot be reduced to the classical L-functions.
We explain how we have transformed a formula proved by Eduardo Friedman (in 1987) into an efficient algorithm for computing values of Dedekind zeta functions. The program (now included in the package Pari/GP) needs a few seconds to compute a single value of ζ K for a number field of small degree. We also generalize Turing's criterion for Dedekind zeta functions to check the GRH.
In all the investigation, great care is taken to obtain results which are mathematically rigorous (estimate of error terms, of roundoff error...).
We finally give numerical results concerning the GRH. We have verified this hypothesis for 50 cubic number fields up to height 92 and for 30 quartic number fields up to height 40. We give statistics about the gaps between zeros and about the height of the first zero of a number field.
In all, the computations represent between two and three months of running time on a Sparc-10 machine (see 3.4) .
We use the following notations. We let K be a number field of degree N and signature (r 1 , r 2 ), O K its ring of integers, and D K its discriminant. We also use the regulator R K , the class number h K , and the number ω K of roots of unity. The Dedekind zeta function of this field is of course defined by
−s = n≥1 a n n −s
for Re s > 1 (1) where a n is the number of ideals with norm equal to n. This function is extended by analytic continuation to a meromorphic function on the whole complex plane with a unique simple pole at s = 1. Moreover, ζ K verifies a functional equation: (2) and Λ K is meromorphic on the complex plane with two poles at s = 1 and at s = 0.
The method for computing values
In [7] , Eduardo Friedman explains how we can simplify the multiple integral appearing in Hecke's formula by turning it into a single integral. The main result that we will need is the following (see Proposition 2.3 and Theorem 1 in [7] ). Theorem 1.1.
with the notations of Section 0 and
δ>max(Re s, 0). (4)
Apart from the problem of computing the regulator and the class number of a number field (which is made at the beginning of the program since it is independent of s), we must also compute the function f at a great number of points. For this, we shift to the left the line of integration, and we compute the residues of the integrand at the poles that we encounter (at z = s and at negative integers). We thus obtain the following result. 
if s is not a negative integer,
where the coefficients A i,j (s) are defined by
Proof. The proof of this result is quite easy and is done in [7] for the first case. In the second case, s is a negative integer and so, the function
has a pole of order r 1 + r 2 + 1 (instead of r 1 + r 2 ) at z = s. In this case, the computation of the coefficients A −s,j (s) is also slightly different (see the next section).
Computation of the coefficients
2.1. The number a n of ideals of norm n. We compute the regulator, the class number and the numbers a n at the beginning of the program since it only depends on the number field. The best method that we have found for computing the a n is to use the Euler product as follows. If P is the set of primes of Z, we have
Suppose we want to compute the coefficients a n for n = 1 to n = N 0 for a given N 0 , and suppose also that we have numbered all the prime ideals p i (i = 1, . . . , m) such that N p i ≤ N 0 . Let f i = f pi be the residual degree of p i and p i the prime number below p i . We compute the a n recursively, introducing the coefficients a n,h (for h = 0, . . . , m) by a 1,0 = 1 and a n,0 = 0 for n ≥ 2,
With a little computation, we have a n,h = v k=0 a n P k ,h−1 (9) where P = p f h h , and v is the largest integer such that P v divides n. We finally obtain the coefficients a n since a n,m = a n for n ≤ N 0 .
The coefficients A i,j (s).
Computing these coefficients is the main problem for us (see the formulas in Proposition 1.1). The best solution that we have found is to introduce coefficients A i,j which are independent of s and depend only on the number field. They can be computed at the beginning of the program. For each value of s, we will then deduce recursively the A i,j (s) from the A i,j . We define
and a little computation gives the following result on the A i,j . 1) For i = 2q even we have for 0 < |z + 2q| < 1,
2) For i = 2q + 1 odd we have for 0 < |z + 2q + 1| < 1,
Proof. For the first part, we let X = z + 2q, then Γ(X − 2q) = Γ(X+1) (X−2q)(X−2q+1)...X and so
We thus have
(see [1] for the expansion formula of ln Γ(1+z)). To prove (12), we let X = z +2q+1 and we have
We compute the logarithm of this expression, we find
and after a computation we obtain formula (12) .
In practice, we compute the coefficients of the expansion of the function g to r 1 + r 2 + 1 terms if i is odd and to r 2 + 1 terms if i is even. After exponentiating the series we obtain the coefficients A i,j . It is clear that many terms in the expressions (11) and (12) can be recursively computed. For a given value of s, we can now deduce the coefficients A i,j (s) from the preceding results. Formulas (7) and (10) give immediately the following relations between A i,j and A i,j (s).
2.3. Another form of the method. Our first goal in this paper is to check numerically the Generalized Riemann Hypothesis. For that, we need to locate the zeros of ζ K , and hence we must compute thousands of values with our program. As a consequence, it must be as fast as possible. The best solution that we have found for doing this is to separate the computations in two parts. First, at the beginning of the program, we compute all the data which are independent of the value of s. These are data linked to the number field (discriminant, regulator, class number,...) and the coefficients A i,j . Hence, when the value of s is known, we have a minimal number of operations to perform. In a first version of the program, we simply used all the preceding results without any change. But, with little difficulty, we can improve the method by a simple inversion of summations. Nevertheless, this slight modification implies the need for rigorous verifications about the size of the coefficients (see Section 5) . Here are the final formulas. (3) and (5) 
Proposition 2.2. Let be the error made truncating the series
n=1 a n n s−1 + , where
Proof. Using formulas (3) and (5), we obtain immediately (14) with
If s is not an integer, A i,j (s) is given by the first line of (13) . Rewriting the recurrence, we easily obtain
and so
which proves the proposition.
Example. If we define K by the monic polynomial X 3 + X 2 − 2X − 1 and we want 30 digits of accuracy for values of ζ K near s = 2, we obtain N 0 = 134 and i 0 =164. The number of operations for each value of s is around 132000 with the first form of the method, and only 1100 with the modified form ! As a conclusion, we give another proposition which is almost the same as the preceding one, except that s is now an integer. The proof is the same as that of Proposition 2.2. 
and is the error made truncating the series (3) and (5) to N 0 and i 0 terms.
Estimate of error terms
In this section, we bound the error terms by computing an asymptotic bound for the function f (x, s), and we compute i 0 , N 0 and the maximal number of ideals of a given norm so as to guarantee a given accuracy in the computation of ζ K (s). [3] , Sections 2, 3 and 4) how we can obtain an asymptotic expansion for a class of Barnesintegrals, and thus for f (x, s). We use here his results to obtain an asymptotic bound for f (x, s). Using the notations of [3] , (2.25) we have
Asymptotic bound for f (x, s). B. L. J. Braaksma explains (see
We need an asymptotic bound for H 0 ( 
with
Proof. We first apply the Euler-Maclaurin formula to obtain an estimate for h 2 (z, s). We assume in the entire proof that s is a complex number with |Im s| ≤ T and |Re s| ≤ L. We let µ = N/2, β = 2 r1/2 and α = (r 1 + r 2 + 3)/2. We introduce the function
We start with the following formula ( [14] , p 208, formula (17)):
We use this result to compute
and we finally have
because we can assume that |z| ≥ L + 1 (we take δ = L + 1 in the integral defining f (x, s)). We now bound the modulus of the logarithm. We have
and we finally obtain
As in [3] we can say that
We use now the same principle as Braaksma introducing the function σ(x).
We start with the formula
, Braaksma shows that the integral is absolutely convergent.) Using now this relation, we easily obtain (see [3] for a rigorous justification)
.
We have now
So we have proved that |ρ(t)| ≤ Kγt 2+(L+1)µ−α for t > 0. Moreover we know that ρ(t) = 0 when t ∈]0, 1] (see [3] ). From this and the precedent formulas we derive
where η is an arbitrary real number and x is such that x − 1 µ ≥ η. We take η = 1 (and thus x ≤ 1) and we use a rough estimate for
From all the preceding relations and with a little computation we obtain 
3.2. The bound N 0 . Suppose we want to compute a value of ζ K with an absolute error . We have to evaluate the error that we make when truncating the series in (3) and then to compute the bound N 0 depending on . The problem is to find the "best" value of N 0 such that
n −s and using Theorem 2 in [5] , we obtain the inequality
From this and (17) we can derive
We use a rough estimate for this last integral and we obtain Proposition 3.3. N 0 is the smallest integer such that
where
The bound i 0 .
We want now to estimate the error that we make when we compute values of the function f (x, s). Let be the absolute precision that we want to obtain when we compute a single value of f (x, s). Since we compute N 0 successive values of this function, it is clear that = /N 0 . We prove the following result: Proposition 3.3. i 0 is the smallest integer such that
Proof. We estimate the remainder r(i 0 , s) of the series in formula (5) when we truncate this series to i 0 terms. In fact, r(i 0 , s) depends also on x but we can easily see that the convergence of the series becomes slower when x decreases. So we set x = C K /N 0 which is the smallest value of x, and we compute the corresponding remainder. We easily have
As in [8] , we have
and combining these inequalities with the first one, we obtain formula (20).
Conclusion.
We are now able to write a complete algorithm for computing values of Λ K (and ζ K ) in the complex plane.
In the first part of the algorithm, we compute all the coefficients and data which depend only on the number field and on the absolute precision . We use the algorithms implemented in Pari to compute the regulator and the class number. This part of the program requires a few minutes of CPU time.
In the second part, we only make basic operations (see formulas (14) and (15)) which require only a few seconds of CPU time.
The problem with this method is that we stop our computations when the remainder is smaller than the absolute precision required. So, if the value of Λ K is very small (if s is far from the real axis), we obtain few significant digits. The only solution that we have found is to increase this number of digits with the height of our computations (see Section 5 for more details).
The following table shows the execution time of the program in various cases (the smallest and largest number field of Tables 6.1 to 6.7). The third column contains the execution time of the initialisation part. The time needed to compute a real or a complex value of ζ K (s) is given in columns 5 and 6. All these times are given in seconds.
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The generalized Turing criterion
In this section, we generalize Turing's criterion to Dedekind zeta functions. The principle is to combine a count of the zeros of ζ k (s) in a segment [ Here are our principal references for this section. The first one is [21] (in 1953) where Turing explains his method. Unfortunately, there are many mistakes in this paper but Lehman gives a corrected version of Turing's original proof in [12] . Finally, we refer to a third paper: in [20] , Rumely generalizes the criterion to Dirichlet L-series.
We introduce the function
where the value of the argument is obtained, if t is not the ordinate of a zero, by continuous variation along the line from ∞ + it to 1 2 + it starting with the value zero. Let now S 1 K (t) be
We begin this section by one of the two main theorems.
The main result about S 1
K . This first theorem gives us an estimate for the function S 1 K . The proof is rather long but is similar to the one in [20] , p 427-433. Of course, the result depends on the degree, the signature and the discriminant of the number field. 
Proof. We assume that t 1 > 40 and t 2 > 40 since in the case of number fields of degree 4, we compute zeros to height 40. We note that there is a constant term (0.2627) which is independent of the number field. This comes from a result of Rademacher used in the proof of Theorem 4.2. We start the proof by writing the integral as follows. 
Proof. This result is an application of Cauchy's theorem (see Lemma 1, p. 106 in [21] or [13] , p. 534).
We have now to bound the integrals that we obtain in formula (22). We begin with a first inequality.
Theorem 4.2. If t > 40 we have
Proof. The proof of this theorem is quite easy. We apply the following result from Rademacher (see [18] p. 200). 
The proof is given in [18] . We apply this result, for η = 1 4 and we use Lemma 3', p. 305 in [12] . We have
).
• If t > 40 and and ln
• N ln ζ 5 4 ≤ 1.525N . We combine these results with formula (24 ) and we obtain For (*), note that ln |ζ K (σ + it)| ≤ N ln |ζ(σ)|, and use again Lemma 3' of [12] . We now prove another inequality about the integral I K (t). 
Theorem 4.3. If t > 40, we have
and we find
We use now the inequalities from [20] , p. 431, ln |ζ(σ)|dσ < 0.1779, and combining these with inequality (26), we easily find the required estimate:
2) Estimate for the integral I 1 . We use exactly the same principle as Rumely in [20] (formula (16), p. 431), to prove the following inequality:
We apply the following result about Λ K (see [11] ).
Lemma 4.3. The function s → s(s−1)Λ K (s) is holomorphic on the complex plane and its zeros are the non-trivial zeros ρ of the Dedekind zeta function ζ K . So Λ K can be expanded in a Weierstrass-Hadamard product
In our special case, if C K is defined as usual, we have
Combining this identity with (27) we obtain
We have thus proved the inequality
2.1) Estimate for the integrals H and I.
We apply the mean value theorem to estimate the integrals H and I (for details, see [12] , p. 311). We obtain
and we use the following result about Γ Γ (see [12] , p. 308, Lemma 8)
where the notation f = Θ(g) means −g ≤ f ≤ g. We obtain
and from these inequalities we derive
2.2) Estimate for the integral
The interchange of summation and integration is justified in [12] , p. 311, and see [12] , Lemma 7, p. 307 for the last inequality. We now compute the sum ρ Re (1/(s − ρ)). We logarithmically differentiate the Weierstrass-Hadamard product and we obtain
We take real parts, we use the relation Re b = − ρ Re 1 ρ and we get
• We easily see that
and that
where s = σ + it and σ > 1 so we have
• Using (28) 
The argument principle.
In this section, we summarize some well-known properties of ζ K (s) and we start by introducing the following notations:
we then have
We see that Z K takes real values when t is real, and has the same zeros as Λ K (which are the non trivial zeros of ζ K ). Thus, simple zeros of ζ K on the critical line can be located by finding changes of sign of Z K (t) on a segment [0, T ].
Suppose now that we have found N K (T ) zeros with this method. We want to compute N K (T ), and if N K (T ) = N K (T ), then GRH holds for the number field K to the height T . There is no zero of ζ K outside of the critical strip (0 ≤ σ ≤ 1) except for the trivial zeros, so N K (T ) is the number of zeros in the rectangle 0 ≤ t ≤ T and 0 ≤ σ ≤ 1. We apply the argument principle to the function s(s−1)Λ K which is holomorphic on the complex plane. We define R as the rectangle {s ∈ C / − ≤ Re s ≤ 1 + and 0 ≤ Im s ≤ T } and ∂R is the boundary of R oriented in the usual counterclockwise direction. It is assumed that T is such that there are no roots ρ on the line Im s = T . We call C the portion of ∂R from 1 + to
and we obtain (see [6] , p. 128 for a rigorous justification) the relation
We can easily compute an approximation of Φ K , so the main problem is to estimate the function S K (t).
Remark. We can directly use the argument principle (see [10] , p 1093). Indeed, the argument principle asserts the number of zeros of L K in R is the change in argument of this function around ∂R divised by 2π. Using the symmetries of Λ K , we have only to consider this change on the contour C (we take for example = 1). The change in argument from 2 to 2 + iT is very easy to compute because | ln ζ K (2 + it)| ≤ N ln ζ(2) < N/2 and so, if N ≤ 3, | arg ζ K (2 + it)| < π/2 and the argument change of ζ K on this segment is arg ζ K (2 + iT ). Of course, if N > 3, we replace 2 by a larger integer k, such that N ln ζ(k) < π/2. The main problem is for the segment from 2 + iT to 1 2 + iT . Here, the only solution is to compute Λ K (s) at a large set of points on the segment, along with its first derivatives, to show that Λ K (s) cannot change its argument by as much as π between these points.
4.3.
Results about Φ K . We prove here a lemma which will be used in the next section.
Lemma 4.4. We have:
Proof. SetB k (x) = B k (x− x ) and apply the Euler-Maclaurin formula. We obtain
so, if we take imaginary part, we have
and we replace in the definition of Φ K (t):
and formula (33) follows.
To obtain the estimate for Φ K , we differentiate under the integral sign in (*) (see justifications in [12] , p. 312)
and formula (34) follows.
We have also to verify that Φ K (t) > 0 for t ≥ 0. We do not give details of the proof since it is exactly the same as in [12] , Lemma 11. The idea is to write Φ K (t) in the form
and to differentiate twice. We then use an expansion of the ψ function to show that Φ K (t) > 0 and thus that Φ K is strictly increasing. We now want to prove that Φ K (7) > 0. By (34), it suffices to show that:
which is true for any number field. So, Φ K is monotone increasing on [t K , +∞[ with t K ≤ 7.
Gram blocks, Gram
's law and the number of zeros. We start this section by giving some definitions (for more details, see [12] , pp. 314-318). Since Φ K is strictly increasing on the interval [t K , +∞[, we can define the Gram points as follows. The n th Gram point is the unique solution g n in [t K , +∞[ of
and the intervals G n =]g n , g n+1 ] are called the Gram intervals. The statement that the (n + 2) nd zero of Z K (t) is a real positive number in the Gram interval G n and that Z K (t) has no other zero in this interval is known as Gram's law. The interesting point is its connection with the behaviour of S K (t). Indeed, by (32) we have
and thus S K (t) takes integral values at the Gram points. Moreover, since Φ K is monotone increasing, we easily see that S K is monotone decreasing on [t K , +∞[, except at points t which are ordinates of zeros and where S K jumps and increases by an integral amount (the number of zeros at height t). With these results, we can prove that Gram's law holds for a given integer n if and only if |S K (t)| < 1 for g n ≤ t ≤ g n+1 . This law is often verified but we can introduce a modified version of it which holds more frequently. A Gram block of length l (see [19] for the introduction of the concept) is an interval ]g n , g n+l ] such that (−1)
We say that this Gram block satisfies Rosser's rule if it contains at least l zeros of Z K . The main result of this section is based on Theorem 4.1 and on the following lemma.
Lemma 4.4. Assume that
Proof. There is a slight difference with the proof of Lemma 13, in [12] , p. 314, when we want to show that
2 ) (and not ζ K (0) as said in [12] ). The problem is to prove that ζ K ( 1 2 ) < 0 , and the only solution we have for this is a numerical verification with our program.
We now give the main result of this section. We start by introducing the concept of -approximate Gram block. If 0 ≤ < 1 2 and |g j − jπ| ≤ for n ≤ j ≤ n + l, then we call the interval ]g n , g n+l ] an -approximate Gram block of length l if (−1) 
Proof. The result follows from Lemma 4.4 and from the following lemma (see [12] , Theorem 4, pp. 317-318 for details).
Proof. We integrate by parts. We have b > a > t K (t K ≤ 7) and therefore:
since Φ K (t) > 0 and Φ K (a) > 0 when a ≥ t K . We now use Theorem 1 and we easily obtain the result claimed in Lemma 4.5. The end of the proof of Theorem 4.4 is now the same as in [12] .
Numerical computations

The method and its limitations.
The first (and most expensive) part of the work is finding the zeros of ζ K (s) in the interval [
takes real values when t is real, we only search for changes of sign of this function. We first compute Z K ( n 20 ) for n = 0 to n = 20T , we store each change of sign in a file, and then we compute the roots to accuracy 10 −20 . In the second part, we rigorously prove that Z K (t) changes of sign at each point we have found in the first part. To do that, we use the same method as Rumely: we choose validation points between the zeros, and we re-evaluate Z K (t) at these points with a program which bounds roundoff error, in order to prove that Z K (t) really changes of sign (see 5.2 for computational details).
The third and last part consists in checking the GRH. We start by computing the second term of inequality (37) to estimate the number of Gram blocks that we need. We then compute the approximate Gram points such that |g j − jπ| ≤ 0.1 and we verify that each Gram block contains the correct number of zeros. We finally prove the GRH using Theorem 4.4.
In the remainder of this section, we point out the limitations of our method that led us to choose T = 92 for cubic fields and T = 40 for quartic fields.
The first limitation is due to formulas (5) and (6) (or formula (16) for the second form of the method) since the number of significant digits is limited by the largest element occurring in the course of a summation. Indeed, the maximal term in these sums is very large compared to the final answer, so we have to increase the internal precision in our computation. If we want to compute Λ K (s) with an absolute precision , we have to compute f CK n , s for n = 1 to N 0 such that f CK N0 , s) < 2M (see Section 3.2). We search for the largest element that occurs in formula (5) when x = x 0 = CK N0 . In the following f k (x 0 , s) denotes the sum in (5) truncated to k terms. From the proof of Proposition 3.3 we have
with 0 < α ≤ 1 2
and we easily see that
and using the relation (17), we obtain after some computations that
where M is a bound for the number of ideals. We use this result as follows: if we want a value of Λ K (s) with k significant digits ( = 10 −k ), we make the computations with 2k + c digits (with c ln 10 = ln 2M5 N ) to be sure that the result is correct.
The second limitation is due to the gamma factors in (2) . The absolute value of Λ K 1 2 + it decreases exponentially with t. Indeed, the modulus of Λ K 1 2 + it is essentially the modulus of its gamma factors. Using Stirling's formula, we easily obtain
For example, if we work with a number field of degree 3, and if we set T = 100, we have exp(−300π/4) ≤ 5.10 −103 so if we want to compute a root to accuracy 10 −20 , we must work with 103 + 20 = 123 digits, and we must increase this accuracy to more than 200 digits (see preceding paragraph).
The last limitation is in the degree (and the discriminant) of the number field. Indeed, the value of N 0 increases with N or D K . For large values of N 0 , the most expensive part of the program is the computation of the sum N0 n=1 a n n −s in formula (14) , and it seems that there is no solution to improve this computation.
The roundoff error.
To estimate the accumulated roundoff error, we follow the same method as Rumely ([20] pp. 423-425). We use another program which re-evaluates Z K (t) at validation points (see 5.1) and which computes the roundoff error in the same time. In this program, we represent a real number α by a pair (a, a ) which means that a − a ≤ α ≤ a + a and we determine how the error term propagates through the computations (we consider a complex number as a pair ((x, x ), (y, y ))). We use for this the formulas given in [20] p. 425 for the principal operations (addition, multiplication, exponentiation...). For example, we apply this method to the first term in formula (14) . 
Our program uses this style of formulas and combines them with numerical computations to obtain a bound of roundoff error of each term in formula (14) . We do not give here all the computational details since it is rather long and has little interest, but we have obtained the following results for cubic fields. Suppose that we want to obtain values of ζ K (s) (Im s ≤ 100) with 20 digits. We know that ζ K ( 1 2 + 100i) 10 −100 and so, we set = 10 −120 to compute N 0 and i 0 . We suppose now that h K , R K , s and π are given with a relative precision 0 and we have whereζ K (s) is the result of our computation, and ζ K (s) is the exact value. So, to be sure that we really have a zero between two validation points, we need that 5.10 128 0 = 10 −120 , and thus, we compute ζ K (s) at these points with 249 digits ( = 10 −120 and 0 = 10 −249 ). Numerical results are given in section 6 (50 cubic fields, 30 quartic fields). For each field, we have proved the GRH (height 92 for degree 3 and 40 for degree 4) and we give the first zero and the least and greatest gap between zeros (the complete list of zeros is available upon request from the author). The functions ζ K (s) and Λ K (s) are now included in the GP/Pari calculator. These functions receive a polynomial T , a complex number s, and compute the value of ζ K or Λ K at s.
Numerical results
For number fields of degree 3 and 4, we have proved the GRH up to a certain height. For each field, we give this height, the first zero and the least and greatest gap between two successive zeros. When the degree of the field is 5 or 6, we only give a table of small zeros because of the limitations of our program (see Section 6.7).
